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Experiment DSP-06:
Fast Fourier Transform (FFT)

Objectives:


1. To study and investigate the Fast Fourier Transform algorithm.

2. To learn how to analyze discrete-time signal using FFT

3. To learn how to synthesize discrete-time signal using IFFT  

Introduction:


The DFT introduced previously is the only tramsform that is discrete in both the time and the frequency domains, and is defined for finite-duration sequences. Although it is a computable transform, the straightforward implementation of it is very inefficient, especially when the sequence length N is large. In 1965 Cooley and Tukey showed a procedure to substantially reduce the amount of computations involved in the DFT. This led to the explosion of application of the DFT, including in digital signal processing area. Furthermore, is also led to the development of other efficient algorithms. All these efficient algorithms are collectively known as Fast Fourier Transform (FFT) algorithms.


In an efficiently designed algorithm the number of computations should ne constant per data sample, and therefore the total number of computations should be linear with respect to N. The number of DFT computations for an N-point sequence depends quadratically on N, which will be denoted by the notation
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FFT algorithms can reduce the quadratic dependence on N of the DFT. Theoretically, the number of computations used in the FFT algorithms could be as small as, depending on the radix used in the alogorithm,
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MATLAB provides a function called fft to compute the DFT of a vector x. It is invoked by x = fft(x, N), which computes the N-point DFT. If the length of x is less than N, then x is padded with zeros. If the argument N is omitted, then the length of the DFT is the length of x. If x is a matrix, then fft(x,N) computes the N-point of each column of x.


This fft function is written in machine language and not using MATLAB commands (i.e., it is not available as a .m file). Therefore it executes very fast. It is written as a mixed-radix algorithm. If N is a power of two, then a high-speed redix-2 FFT algorithm is employed. If N is not a power of two, then N is decomposed into prime factors and a slower mixed-radix FFT algorithm is used. Finally, if N is a prime number, then the fft function is reduced to the raw DFT algorithm.


The inverse DFT is computed using the ifft function, which has same characteristics as fft.

Experiment:

1. To determine the execution time of the DFT as N varies from 1 to 512, invoke the following commands and then save the plot.

>> clear all;

>> Nmax = 512;

>> exe_time = zeros(1,Nmax);

>> for n = 1:1:Nmax


>> 
x = rand(1,n);


>> 
t = clock;


>> 
dft(x, n);


>> 
dftexe_time(n) = etime(clock, t);

>> end

>> n = [1:1:Nmax];

>> figure(1);

>> plot(n, dftexe_time, '.');

>> xlabel('N'); ylabel('Time in Sec.');

>> title('DFT execution times');

2. To determine the execution time of the FFT as N varies from 1 to 512, invoke the following commands and then save the plot.

>> clear  all;

>> Nmax = 512;

>> exe_time = zeros(1,Nmax);

>> for n = 1:1:Nmax


>> 
x = rand(1,n);


>> 
t = clock;


>> 
fft(x, n);


>> 
fftexe_time(n) = etime(clock, t);

>> end

>> n = [1:1:Nmax];

>> figure(2);

>> plot(n, fftexe_time, '.');

>> xlabel('N'); ylabel('Time in Sec.');

>> title('FFT execution times');

3. Observe and compare the two plots. From the graph in Figure 2, find the number of point that gives the maximum FFT execute time using the following command:

>> [nmax,tmax] = max(fftexe_time)

Then check whether nmax is a prime number or not using the following command

>> factor(nmax)

Explain why the number nmax results in the maximum FFT execute time.

4. To investigate the execution time characteristic of the built-in function fft, invoke the following commands and save the plot. (Note: for a high performance PC such as Pentium 4, Nmax should be large (~10,000-50,000))

>> clear  all;

>> Nmax = 3072;

>> exe_time = zeros(1,Nmax);

>> for n = 1:1:Nmax


>> 
x = rand(1,n);


>> 
t = clock;


>> 
fft(x, n);


>> 
exe_time(n) = etime(clock, t);

>> end

>> n = [1:1:Nmax];

>> figure(3);

>> plot(n, exe_time, '.');

>> xlabel('N'); ylabel('Time in Sec.');

>> title('FFT execution times');

5. Observe and try to group the plot into various trends.

6.  Assume that an analog signal, which contains multiple components as well as noise, is sampled with the sampling frequency, fs = 128 Hz. In order to analyze the signal, 512 samples are saved to a .mat file named “lab4sig.mat”. Invoke the following commands to extract the component frequencies in the signal and save the plots.

>> clear all;

>> load lab4sig;

>> N = size(x, 2);

>> n = 0:N-1;

>> k = n;

>> fs = 128;

>> figure(1);

>> ts = n/fs;

>> plot(ts(1:65), x(1:65));

>> xlabel(‘Time (s)’);

>> X=fft(x);

>> figure(2);

>> hertz = k*(fs/N);

>> plot(hertz, abs(X));

>> xlabel(‘Frequency (Hz)’);

7. Use the following commands to remove the higher frequency components and synthesize the signal back after processing. Save the plot.

>> wk = zeros(1, 300);

>> X(101:400) = wk;

>> xi = ifft(X);

>> figure(3);

>> plot(ts(1:65), real(xi(1:65)));

>> xlabel(‘Time (s)’)
Questions:

1. Given the complexities 
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, assign each value to the corresponding group in the plot of the procedure 4.

2. How many components would there be in the signal in the procedure 6? What would be their frequencies?

3. What is the leakage in the FFT? Explain with an example.
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In class assignment DSP06

1. Determine the numbers of complex additions and complex multiplications for computing the DFT 
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2. Determine the numbers of complex additions and complex multiplications for computing the FFT

3. For the sequence x(n) with the number of points  not of the form of 2N, list the methods that can be used to  modify the sequence x(n) so that the FFT will work.

4. What knowledge do you get from this lab?
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