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Topic outline

The conceptual framework for statistical modeling and analysis

Review of probability = Model for Data by functions
(lassical Stat.

¢ Baesian Stat.

(]

(]

@ Statistical inference = Conclusions about Model

@ Bayesian statisticS = Inference about random parameter
(]

(]

(]

For more understanding, let us show an example.

Maximum A Posteriori (MAP) Estimation = mfx f X\y(l‘|y)
Comparison to ML Estimation = max(y1, ..., yn; )

Bayesian Networks = Model for Data by Graph
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https://www.geogebra.org/m/LZbwMZt]

The conceptual framework for statistical modeling and analysis is

sketched in Fig 1 compute fair, ~ p=05
Coin Fairness? X ~ Bin(1000, p) p= 0.57 unfair, otherwise
Reality Model |mathematical| Conclusion Conclusion
+ for - about about
Data Data analysis | \podel Reality

translate
Fig 1. Statistical modeling and analysis

@ Data is used to represent the real-life problem

@ Probabilistic model for data : Model represent a reality

@ Using the model to carry out our calculations and analysis
@ Conclusions about the model

@ Conclusions about the model are translated into conclusions

about the reality.
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Definition 1 (Random Variable)

A random variable is a function from the sample space (2 to R.
ie.
X: 2 —-R

Symbol + real
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Fig 2. Random variable as a mapping from (2 to R.
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The behavior of the Reality can be model by cdf, pmf/pdf, conditional pmf/pdf
and joint cdf/pmf/pdf as follows:

Definition 2 (Cumulative Distribution Function)

The cumulative distribution function (cdf) of a random variable X
is the function F': R — [0, 1] defined by

Flz)=P(X <z), z€R
fixed
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0 X

Fig 3. A cumulative distribution function (cdf)
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Definition 3 (Discrete Random Variable)

A discrete random variable X 1is defined as a random variable that

assume values from a countable set.

| \

Definition 4 (Probability Mass Function)

The probability mass function (pmf) of a discrete random variable
X is defined as:

px(@)=P(X =2) = P({¢: X()=<c}), zcR
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https://setosa.io/conditional/ demo B|A

Definition 5 (Conditional Probability Mass Function)
Let X be a discrete random variable with pmf px(z), and let C

be an event that has nonzero probability, P(C) > 0.
The conditional probability mass function of X is defined by the

conditional probability:

second  first

px(iﬂé):P({X:x}ﬂC)

P(C)

See: conditional event: AlIB




Definition 6 (Continuous Random Variable)
A continuous random variable is defined as a random variable
whose cdf Fx(z) is continuous everywhere and it can be written

as an integral of some nonegative function f(x):
x
Fx(@) = [ o,
—00

where

/_Z Ft)dt = 1.




Definition 7 (Probability Density Function)
The probability density function of X (pdf), if it exist, is defined

as the derivative of cdf Fx(z):

_ dFx (z)

fx(z) .

Definition 8 (Joint Cumulative Distribution Function)
The joint cumulative distribution function of X and Y is defined
by

Fxy(z,y)=P(X <z,Y <y)




Definition 9 (Jointly continuous random variables)

Two random variables X and Y are jointly continuous with joint

surface

density fxy(z,y) if

P((X,Y) € 4) = / /A Beor )
where /‘X’ /00 ny(x, y)da:dy .

Definition 10 (Condition pdf)
The conditional pdf of X given C' is defined by

fxte] 0) = X2 1E)

A\




If X and Y are independent then

@ the joint cdf is

Fxy(z,y) = Fx(x) - Fy (y)

@ the joint pdf is

fxy(z,y) = fx () fy(y)




Important Random Variables. The most commonly used random

variables in communications are:

Bernoulli Random Variable.

It is a good model for a binary data generator and a channel errors.

Binomial Random Variable. It is a r.v. giving the number of 1’s

Let Xi...... x, — in a sequence of n independent Bernoulli trials.

iid Bemoulli RVs.

" Pr—p)"*, 0<k<n
i=1 0, otherwise

https://www.geogebra.org/m/EmPmvCTc



This r.v. model, for example, the total number of bits received in
error when a sequence of n bits is transmitted over a channel with
bit-error probability of p.

Uniform Random Variable. The pdf is given by

1
fla) =" |

0, otherwise
https://www.geogebra.org/m/EmPmvCTc

This r.v. model, for example, when the phase of a sinusoid is

a<x<b

random it is usually modeled as a uniform random

variable between 0 and 2.




The most important distribution in the study of statistics: the

normal (or Gaussian) distribution.

Definition 11 (Normal Distribution)

A random variable X is said to have a normal distribution with

parameters y and o2, N(u,o?) if its pdf is given by

fx(x) = 21 e/ g eR
Yixea

If £=0and 02 =1 or N(0,1), then

fx() = ——e/?

V2r

is known as the standard normal distribution.

https://www.geogebra.org/m/fXww9z9S
17/ r2



Example 1
Show that

Fry(@,y) = e P22
T

is a valid joint probability density. : see def 09 p.13
Solution. Since fxy(x,y) > 0, all we have to do is show that it

integrates to one. By factor the exponent, we obtain
6_(1/_1')2/2 6_372/2

fxy(z,y) = = I

Then
0o 0o i 0o e—a:2/2 0o 6—(y—x)2/2 p p .
/oo /oo fX’Y(x’ y) = /oo V 2 —00 A 2T J B
SN—— S——

N(0,1) N(z,1)




Sagemath Program 1
#Proof

reset ()
x,y=var ("x,y")
f(x,y)=1/2/pi*e”( —(2*x"2-2*x*y+y"2)/2 )

#Proof f(x,y)>0
print bool (f (x,y)>0)

#Proof volume below the surface is equal to 1

print integral (integral (£, (x, —00,00)),Yy, —00,00)




Julia Program 1

#Proof valid of the joint pdf
using PyCall

@pyimport sympy as sm

X, y=sm.symbols ("x y")

OO0=sm.O00

f=sm.Function ("f")
f=1/2/ (sm.pi) *sm.exp (- (2*x"2-2x*y+y"2) /2)

sm.integrate (£, (x,-00,00), (y,—00,00))




Julia Program 1 (cont.)

In [136]: | using PyCall
@pyimport sympy as sm
x,y=sm.symbols("x y")
00=Sm.00

Out[136]: PyObject oo

In [139]: | f=sm.Function("f")
f=1/2/(sm.pi)*sm.exp(-(2*¥x2-2x*y+yA2)/2)
sm.integrate(f, (x, -00, 00),(y,00,00))

Out[139]: PyObject 1.00000000000000




Definition 12 (Random Vector and Random Matrix)

A vector X whose entries are random variables is called a random

vector, and a matrix Y whose entries are random variables is
called a random matrix. i.e.
X = [X1, X. X,
- 17 27 R n 9

Yiu Yo ... Yy,

Yor Yoo ... Yy,
Y: . . .

Yoo Yo ... Y




Definition 13 (Statistical inference)
Statistical inference is a collection of methods that deal with

drawing conclusions about the model on the basis of the observed
data. (See fig 1)

The two main approaches to statistical inference are:

@ Classical statistics.

@ Bayesian statistics.




Definition 14 (Classical statistics)

Let x be outcome of a random vector X described by a
probabilistic model that depend on unknown parameter 6. Let 60
is assumed to be fixed. Then classical statistic is the

method for estimating and for drawing inferences about a

parameter 6.

V.

The model is specified up to a (multidimensional) parameter 6; that
is, X ~ f(;0).




Definition 15 (Bayesian statistics)

Let x be outcome of a random vector X described by a
probabilistic model that depend on unknown parameter 6. Let 6
is assumed to be random. Then Bayesian statistic is the
method for estimating and for drawing inferences about a

parameter 6, such that 6 is carried out by analyzing the conditional
pdf £(6 | x).

f(0] x) is called posterior pdf of the parameter 6.




Example 2 (Bias coin)

We throw a coin 1000 times and observe 570 Heads. Using this
information, what can we say about the “fairness” of the coin?
The data (or better, datum) here is the number x = 570. Suppose
we view z as the outcome of a random variable X which
describes the number of Heads in 1000 tosses. Our statistical
model (See Fig 1) is then

X ~ Bin(1000, p)

where p € [0,1] is unknown.




Remark 1
@ Any statement about the fairness of the coin is expressed in

terms of p and is assessed via this model.
@ [t is important to understand that p will never be known.

@ A common-sense estimate of p is simply the proportion of
Heads, x/1000 = 0.570.

How accurate is this estimate? Is it possible that the unknown p
could in fact be 0.57 One can make sense of these questions
through detailed analysis of the statistical model. (i.e. by using

Classical statistics)




Bayesian statistics is a branch of statistics that is centered around

Bayes’ formula.

Theorem 1 (Bayes’ Rule)

Let A be an event with P(A) > 0 and let By, Bs,..., B, be a
partition of (2. Then,

P(A| Bj)P(B;) 0
;P(A | B;)P(B;)

P(Bj | A) =

<=Bi=QBnB;=0ifi#]
i=1




Corollary 1.1

For continuous random variables X and Y , Bayes’ Theorem is
formulated in terms of densities:

_ f=ly)f) ,
posterior N—— likelihood  prior
where ind. of Y

F) = frw), f@ly) = fxy(@ | y), fly|2) = frix(y | o)
and likelihood function, (x| y) = f(z | y).




Definition 16 (Prior, Likelihood, and Posterior)

Let x and 6 denote the data and parameters in a Bayesian
statistical model.

@ The pdf of 0, f(0) is called the prior pdf.

@ The conditional pdf f(x | 6) is called the Bayesian likelihood

function.

@ The central object of interest is the posterior pdf f(6 | x)
which, by Bayes theorem, is proportional to the product of the
prior and likelihood:

f(0]x) o f(x | 0)f(0).




posterior pior

—— N
From (2) f(y|z) < f(z|y)- f(y)

Remark 2 (Bayesian Statistical Inference)
The goal is to draw inferences about an unknown variable Y by

observing a related random variable X. The unknown variable is

modeled as a random variable Y, with prior distribution

fy(y), if Y is continuous,

Py (y), if Y is discrete.




posterior pior

—— =
From (2) f(y|x) o< f(z|y)- f(y)

Remark 2 (Cont.)
After observing the value of the random variable X, we find the

posterior distribution of Y. This is the conditional PDF (or PMF)
of Y given X =z,

frix(y | z) or Pyix(y|x).




https://www.geogebra.org/m/EmPmvCTc

@ If X ~ Uniform[a, b], then

1
= a<z<b

fx(@) =" .
0, otherwise.

@ If X ~ Geometric(p), then

Px(z)=(1-p*'-p, ©=1,23,...
T

Trial iid Bernoulli RVs until outcome is one = 0,0,...,0,1
N——

z—1



Fact 3 (Law of Total Probability)

Let A be an event and let By, Bs, ..., B, be a partition of f2.
Then,

n

Fig 4. A partition By, ..., Bg of the sample space {2




httEs://www.ieoiebra.ori/m/EmvaCTc

cont.RV.

Let X ~ Uniform(O 1). Suppose that we know

discrete

(Y]X = z) ~ Geometric(x). Find the posterior density of X given

Solution. Using Bayes’rule we have

(U]
Pyix(2 ] z)fx ()
2) = .
o) fX|Y(x ’ ) PY(Q)
P(Y 7,/1‘ )
Smce YX = :c) Geometric(z). We obtain
Py|X(y|LL‘):SC(].—SC)y_1, y:1727

and

Pyix(2|z) = 2(1 - ).




Example 3 (cont.)
To find Py (2), we can use the law of total probability

Py(2) = / " Poix(@ | o) fx(@)de

1
—/ z(1—2x) - ldx
0

| =

Therefore, we obtain

fxw (o] 2) = 2L=2)

1
6
=6z(l—z), for0<z<L1




The posterior distribution, fxy(z | y) (or Px|y (x| y)), contains

all the knowledge about the unknown quantity X. Therefore, we

can use the posterior distribution to find point or interval estimates
of X.

Definition 17 (MAP)

Let fxjy(z | y) be a posterior distribution. Then the Maximum A
Posteriori (MAP) Estimation is defined as

Emap =max fxy(z | y) (3)




Since fxy(z |y) = %}C‘;{X(m) and fy (y) does not depend on
z. Therefore, prod
Emap = max fyx(y [ =) fx(z) “

To find the MAP estimate of X given that we have observed

Y =y, we find the value of x that maximizes

fY|X(y | ) fx ()

If either X or Y is discrete, we replace its PDF in the above

expression by the corresponding PMF.



Example 4

Let X be a continuous random variable with the following PDF:

2¢, f0<z<1
fx(z) = .
0, otherwise
Also, suppose that (Y | X = x) ~ Geometric(z). Find the MAP
estimate of X given Y = 3. = max fyix(y | z) - fx(z) (4)
Solution. Since (Y | X = x) ~ Geometric(z), Then

Pyix(y|z)=z(1— )7t fory=1,2,...




Example 4 (cont.)
For Y = 3, it follows that

Pyix(3|z)=2z(1~- )2,
For z € [0, 1] one has,
Pyix(3 | z)fx(z) =z(1—z)* 2z (5)

To find the value of x that maximizes Eq. (5), one need




Example 4 (cont.)

4
dz
Solve for xz, one obtain

($2(1 - l’)2) =2z(1-2)2-2(1—=z)z? =0. (6)

Tmap = .




Julia Program 2 (Find solution of

In [4]:

In [13]:

out[13]:

In [12]:

ou[12]:

and i‘]\[ P)

using PyCall
@pyimport SymPy as sm

x=sm.symbols("x")
f(x)=xA2%(1-x)2
eq=sm.diff(f(x).x)
sol=sm.solve(eq,x)

3-clement Array(PyCall.PyObject, 1 }:
PyObject 0

PyObject 172

PyObject 1

map(x->f(x),sol)

3-clement Array{PyCall.PyObject, }:
PyObject 0

PyObject 1/16

PyObject 0




We now consider a classical statistic inference called maximum
likelihood method for finding a point estimator that maximizes the
probability of the observed data Y,, = (Y1, Ys,...,Y,).

Definition 18 (Likelihood function)

Let Y,, = (y1,%2,...,Yn) be the observed values of a random
sample for the random variable Y and let X be the parameter of
interest. Then likelihood function of the sample is a function of X

defined as follows:

Wyn;z) =1(y1, 92, -, Yn; T)

Pyix(y1,92, - yn | ), Y discrete rv.  (7)

fyix(Wi,v2,---,yn | ), Y cont. rv.,

- 43/r2



Definition 18 (cont.)

where Py |x(y1,y2,-.-,yn | ©) and fyx(y1,92,...,Yn | z) are the
joint pmf and joint pdf evaluated at the observation values if the

parameter value is .

Definition 19 (MLE: maximum likelihood estimator)

Let Y,, = (y1,¥2,-..,Yn) be the observed values of a random
sample for the random variable Y and let x be the parameter of
interest. Then maximum likelihood estimator of x, denoted by
1, is the parameter value that maximizes the likelihood function,
that is,

Wy, Y2y« Yn; Tr) = max Wy1,y2, -+ Yn; T)

YAy 4 E—



The maximum likelihood estimate (MLE), answers the question:

“For which parameter value of © does the observed data

(y1,Y2, ..., Yn) have the biggest probability?”




Example 5

iid

Suppose that a particular gene occurs as one of two alleles (A and
a), where allele A has frequency 6 in the population. That is, a
random copy of the gene is A with probability 6 and a with
probability 1 — 6. Since a diploid genotype consists of two genes,
the probability of each genotype is given by:

genotype | AA Aa aa
probability | 6% | 20(1 —6) | (1 — )2

Suppose we test a random sample of people and find that k; are
AA, ko are Aa, and k3 are aa. Find the MLE of 6.




Example 5 (cont.)

Solution. The likelihood function is gio}’/ggmby

A

Ve

k1+ky+ kK ko + K k
P(kl’kQ’k?"a):(l ’fj 3) ( X 3) <k3>x )
2 &

6%F1(20(1 — 0))*2(1 — 9)%s.

monotonic fn.

So the 1dg likelihood is given by

constant + 2k In(0) + kaln(260) + k2 In(1 — 6) + 2k3In(1 — 6).

<

k1,k2,k3,t=var("kl,k2,k3,t")
2*k1*log(t)+k2*log(2*t)+k2*log(1-t)+2*k3*log(1-t)

- 47/ r2



Example 5 (cont.)

We set the derivative equal to zero:

2]€1+k2_k2—|—2]{23_0
0 1-6

Solving for #, we find the MLE is

2k1 + ko
2k1 + 2ko + 2k3 ’

6 =




Julia Program 3 (Find 6 that MLE of (

In [6]: using PyCall
@pyimport SymPy as sm

In [24]: | k1,k2,k3,theta,c=sm.symbols("k1 k2 k3 theta c¢")
lexpr=c+2*k 1*sm.log(theta)+k2*sm.log(theta)+k2*sm.log(1-theta)+2*k3*sm.log(1-theta)

Out[24]: PyObject ¢ + 2*k1*log(theta) + k2*log(theta) + k2*log(-theta + 1) + 2*k3*log(-theta + 1)

In [15]:  expr=sm.diff(lexpr,theta)

Out[15]: PyObject 2*k1/theta - k2/(-theta + 1) + k2/theta - 2*k3/(-theta + 1)

In [23]:  sm.solve(expr,theta)

Out[23]: 1-element Array{PyCall.PyObject,1 }:
PyObject (k1 + k2/2)/(k1 + k2 + k3)




Example 6

Suppose that the signal X ~ N(0,0%) is transmitted over a

communication channel. Assume that the received signal is given
by
Y=X+W,

where W ~ N(0,0%,) is independent of X.

@ Find the ML estimate of X, given Y = y is observed.

@ Find the MAP estimate of X, given Y = y is observed.




Example 6 (cont.)
Solution. The PDF for r.v. X is

2

1 — 22

x(x) = e ““x
fx(x) Brox

Since (Y | X = x) ~ N(x,0%,), thus the conditional PDF is

1 _(y=)?

frix(y|z)= o 2ofy




Example 6 (cont.)

@ The ML estimate of X, given Y = v, is the value of x that
maximizes

frix(y|z) = me w

To maximize the above function, we should minimize

(y — x)2. Therefore, we conclude
Ty =y.

@ The MAP estimate of X, given Y = g, is the value of x that

maximizes

Feixly | 2)fx (@) :Cexp{_[@_@z L I}

2 2
20‘W 20%




Example 6 (cont.)
where ¢ is a constant. To maximize the above function, we should

minimize

2 2
=@ T
o 20%
By differentiation, we obtain the MAP estimate of x as
ok

2 7 Y
ox + oy

Typap =




Julia Program 4 (Find the MAP estimate of x from (9))

In [3]: using PyCall
@pyimport SymPy as sm

In [9]: | x,y,sig_w,sig_x=sm.symbols("x y sig_w sig_x")
expr=(y-x)"2/(2*sig_w"2)+x2/(2*sig_x/2)
dexpr=sm.diff(expr,x)
sm.solve(dexpr,x)

Out[9]: 1-element Array{PyObject,1}:
PyObject sig_x**2*¥y/(sig_w**2 + sig_x*¥2)




Example 7 (Bayesian Inference for Coin Toss Experiment)

Consider the basic random experiment where we toss a biased coin
n times. Suppose that the outcomes are x1,...,x,, with z; =1 if
the sth toss is Heads and z; = 0 otherwise, i = 1,...,n. Let 6
denote the probability of Heads. We wish to obtain information
about ¢ from the data x = (x1,...,z,). For example, we wish to

construct a confidence interval.

Solution.




Example 7 (cont.)

Let prior pdf f(@) is given by a uniform pior f(f) =1,0 <6 < 1.
We assume that conditional on 6 the {z;} are independent and
Ber () distributed. Thus, the Bayesian likelihood is

X | 9 Heazl - 1 —T; _ 05(1 - H)n—s’

where s = x1 + - - - + x,, represents the total number of successes.

Using a uniform prior gives the posterior pdf

fO|x)=c@(1—-6)""°% 0<6<1.




Example 7 (cont.)
This is the pdf of the Beta(s + 1,n — s + 1) distribution. The

n
normalization constant is ¢ = (n + 1) . The graph of the
s

posterior pdf for n = 100 and s = 1 is given in Fig 3.

0 0.05 0.1
9

Pig 5. Posterior pdf for @ y with.-no.— 100.and s — 1




Example 7 (cont.)

A Bayesian confidence interval, called a credible interval, for 0 is
formed by taking the appropriate quantiles of the posterior pdf. As
an example, suppose that n = 100 and s = 1. Then, a left
one-sided 95% credible interval for 6 is [0, 0.0461], where 0.0461
is the 0.95 quantile of the Beta(2,100) distribution.




Definition 20 (Bayesian Network)
Mathematically, a Bayesian network is a directed acyclic graph,
that is, a collection of vertices (nodes) and arcs (arrows between

nodes) such that arcs, when put head-to-tail, do not create loops.

(a) (b) (c)

2

Fig 6. Graph of Network




Remark 4
The directed graphs in (a) and (b) are acyclic. Graph (c) has a

(directed) cycle and can therefore not represent a Bayesian

network

Bayesian networks can be used to graphically represent the joint
probability distribution of a collection of random variables. In

particular, consider a Bayesian network with vertices labeled

Z1,...,Tn. Let P; denote the set of parents of x;, that is, the
vertices x; for which there exists an arc from x; to x; in the

graph. We can associate with this network a joint pdf ; T

P ={r.m) <« N

Jl‘/



fer, ) =[] £ | Py).

J=1

By the product rule, we obtain

flx1, ..., xn) = flz) f(za | 21) - fxn | 21, ..y Tpe1).




Example 8

Consider
x1 0, z1 01 ay
T 6, T O az
I3 T4 z3 T4

s s

Fig 7. Left: a classical statistical model Right: corresponding Bayesian
model with observed (i.e., fixed) data x4, ...,x, , indicated by shaded
nodes.

4




Example 8 (cont.)

The left plane of Fig. 5 shows a classical statistical model with

random variables x1,...,z5 and fixed parameters 601, 05:

f(@1,. . xn) = f(o1;601) f(x2 | 21;02) f(23 | 22)

f(za | 22) f (5 | 23, 74).

The right plane of Fig. 5 shows the corresponding Bayesian model.
fEh = Hf(d,'l | P;)

f@1,.. . mn) = f(z1) f(@2 | 21)f(xs | 22) f(@a | 22) f (25 | 23, 74).
It represents the situation where the “data” 1, ..., x, have been
observed. The aim is to find the posterior pdf of #; and 65 given
the data.




Example 9 (Applied Bayesian Networks)

Graph representations:

_ Fig 8. A sample Bayesian networks
Independencies: no arc between X and Y

Let random variable X is independent of Y given Z
denoted by (X 1Y | Z). Then L= perpendicular

(FLH | S),(CLS | F,H),(MLH,C | F),(MLC | F)

V.




Example 9 (cont.)
Factorization:

P(S,F,H,C, M) = P(S)-P(F | S)- P(H | S)-
P(C | F,H)-P(M | F)




Example 10 (Belief Nets)

The purpose of this belief net is to determine if a patient is to be
diagnosed with heart disease, based on several factors and
symptoms. Two important factors in heart disease are smoking and
age, and two main symptoms are chest pains and shortness of
breath. The belief net in Fig. 8 shows the prior probabilities of
smoking and age, the conditional probabilities of heart disease

given age and smoking, and the conditional probabilities of chest

pains and shortness of breath given heart disease.




Example 10 (cont.)

P(s) Chest
Smoking Pains

Smoking

Ye .

oozj 07 Heart Disease

Age
0 > 50
Shortness
Heart Disease
I )(” ) Smoking, Age | Yes No of Breath

P(h|s,a)
Fig 9. A Bayesian belief net for the diagnosis of heart disease

P(c|h)

Chest Pains
H. Disease | Yes No
Yes 0.2 0.8

No 0.01 0.99

Shortness O.B.

Yes No

0.3 0.7
0.1 0.9

P(b| h)




Example 10 (cont.)

Solution.

@ The belief net in Fig. 8 shows the prior probabilities of
smoking and age, the conditional probabilities of heart disease
given age and smoking, and the conditional probabilities of

chest pains and shortness of breath given heart disease.

c b
@ Suppose a person experiences chest pains and shortness of
breath, but we do not know her/his age and if she/he is

smoking. How likely is it that she/he has a heart disease?

f(h = yes|b=yes,c = yes) =7



Example 10 (cont.)

Define the variables s (smoking), a (age), h (heart disease), c

(chest pains), and b (shortness of breath). We assume that s and a
are independent. Let “Yes” denoted by “Y” and “No” denoted by

“N”. We wish to calculate
P(h = Yes | b= Yes,c = Yes) = P(h Y|b=Y,c=Y).

From the Bayesian network structure, we see that the joint pdf of
s,a, h,c and b can be written as
f(s,a,h,c,b) = f(s)f(a)f(h|s,a)f(c|h)f(b]h).

It follows that bf“’ L sla

f(h|b,c) o f(c] b!hth\sa f(s)f(a).




Example 10 (cont.)
We have

Ph=Y)=P(h=Y |s=Y,a<50)-P(s=Y)-Pla < 50)+
P(h=Y|s=Y,a>50) P(s=Y)-P(a> 50)+
P(h=Y|s=N,a<50)-P(s=N)-P(a <50)+
P(h=Y |s=N,a>50)-P(s=N)-P(a > 50)

=02x03x06+04x0.3x0.4
+0.05 x 0.7 x 0.6 +0.15 x 0.7 x 0.4 = 0.147.




Example 10 (cont.)

Consequently,
Ph=Y|b=Y,c=Y)=p-Plc=Y |h=Y)
Pb=Y |h=Y)-Ph=Y)

= x0.2x0.3x0.147 = 50.00882
and

P(h=N|b=Y,c=Y)=8-Plc=Y |h=N)
P(b=Y |h=N)-P(h=N)
= x0.01 x 0.1 x (1—0.147)
= £0.000853




Example 10 (cont.)

for some normalization constant 3. Thus,

0.00882
flh=Yes | b=Yes,c=Yes) = oo irars

= 0.911816 ~ 0.91.

So, we are sure he will have a heart attack.




