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Overview

Last time we learned how to solve a system of linear
equations.

Topics for today.

v

Describing a system of linear equation with vectors
Properties of vectors of linear system

Linear combination

>
>

» A vector equation

» The span of a set of vectors
>

A matrix equation

Reference : Section 1.3-1.4



Vector Equations

System of linear equations can be described with the
concept and notation of vectors.

Key concepts to master: linear combinations of vectors and a
spanning set.

Vector: A matrix with only one column.

Example
. 1
Vector in R?, U = [ 3 ]
uy
. _ o U
Vectors in R", (vectors with n entries): v =
Up

Note: We shall denote a vector with /.



Algebraic Properties of Vectors

Given two vectors 1 = { _31 } and V = [ § ] their sum is

3 n 2| |5
~1 51 |4
If we have a scalar c =2, ci is
3 6
[ % ]-[ %)
IfwehaveW:[O 2],u><wis
3 0 6
[_1]><[0 2]_[0 _2]

Note: Multiplication is valid iff the number of columns of the left
matrix is the same as the number of rows of the right matrix



Vector Algebraic Rules

, w in R” and all scalar ¢ and d:

>
IE

For all

— AN ™Mt 1 O~ ©



Geometric description of Vectors

We can describe vector geometrically.

a _
b as a point In
the plane. And usually drawn as an arrow from the origin (0,0) to
the point (a,b).

For example, in R?, we can described a vector

Example: Let o = { ; } and V = [ _16 ] Draw graphs of o
and V.

T2

x1




Parallelogram Rules, example

You can also represent an addition of two vectors.
e by using Parallelogram rule for addition of two vectors:

Example: Compute & + V' then draw graph of the addition.

€2

(2,2)

X1




Parallelogram Rules, example

Example: Compute %7 — v and then draw the graph of addition.

T2

gl
sl

(2,2)

v -7

Ea

<. 2T



Linear Combinations

Definition: Given vectors v1, vz,..., v, in R" and given scalars
C1,C2, ..., Cp the vector Y defined by

— — — —
y=avitown+t+...+cVv

is called a linear combination of v{, v, ..., v; with weights
C1,C,...,Cp.

Note: The weights can be any real number including zero.

Example: Linear combinations of vi and v,

> 3V + 2y

> (1/3)v
e (1/3)vi + 0w
> v — 2wy
—
» 0

e 0vi +0vs



Example: Let v{ = { i } and v» = [ 7; ] Express each of the

following as a linear combination of vi and v3:

NHENEIREHENS

In other words, what are a; and b; such that @ = avi + bvy
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Example

1 4 3
Example: Let ai=101|2= 2 |, 33 = 6 | and
3 14 10
—_— 71 Ed
b = 8 |. Determine if b is a linear combination of 21, a3,
-5

and 23

—
Solution: b is a linear combination of a1, a5 and a3 if we can
find weights x1, x», x3 such that

-
— — —
x1a1 +xpa2 +x3a3 = b

Let's write the equation in the form of vector equation

1 4 3 -1
X1 0 =+ Xo 2 “+ X3 6 = 8
3 14 10 -5

What linear system does this equation represent?



Linear Combination, Example cont.

Corresponding System:

x1 + 4x + 3X3 = -1
+ 2% + 6x3 = 8
3xq 4+ 14x + 10x3 = -5

Corresponding Augmented Matrix:

1 4 3 -1 100 1 X1
0 2 6 8|~|010 2= x
3 14 10 -5 001 2 X3

_
g i a linear combination of 27, 2, and 23 since
b = — 232 + 283



Linear Combination, Example Review

[
Review of the last example: a7, as, 23 and b are columns of the
augmented matrix

1 4 3 -1
0 2 6 8
3 14 10 -5
1T 1
- = =
dy d2 as b

Solution to -
— — —
x1a1 +xpa2 +x3a3 = b

is found by solving the linear system whose augmented matrix is



A Vector Equation

A vector equation
— — -
X131 +x0as +...+xpap = b

has the same solution set as the linear system whose augmented
matrix is

- — —
a a2 ... a3b

.
In particular, b can be generated by a linear combination of
ai, as,...an iff there is a solution to the linear system
corresponding to the augmented matrix.



The Span of A Set of Vectors

One of the key idea in Linear Algebra is to study the set of
all vectors that can be generated or written as a linear

combination of a fixed set {vi, vs,...,V,}.
Definition:
Suppose Vi, Vs, ... 77,3 are in R"; then Span{v;, v, ..., 7,;} = set

of all linear combinations of

— — —
Vi, V2,..., Vp.
Stated another way: Span{v{,vs,...,V,} is the collection of all

vectors that can be written as
— — —
xivi+xovo + ...+ XpVp

where x1,x2, ..., X, are scalars.



The Span of A Set of Vectors, Example

3 0
Example: Let vV = | 4 |. Label the origin | 0 | together with
5 0

V', 2V and 1.5V on the graph.

X3

Solution: V',2V and

1.5V all lie on the same
line. Span{V'} is the set
of all vectors of the form
cV. Here Span{V} = a

line through the origin.




The Span of A Set of Vectors, Example 2

Example: Label 7', V, 7 + V and 37 + 47V on the graph
below.

- — = = —
Solution: v, Vv, v + Vv

and 37 + 47V all lie in the
same plane. Span{ 1, V'}
is the set of all vectors of
the form x1 0 + x> V.
Here, Span{ v, vV} = a

plane through the origin.




The Span of A Set of Vectors, Example 3
Example: Let v; = { 2 } and v = { 4 }
1 2
a. Find a vector in Span{v{, v}

Solution: For example,
. 4 12] [16
s |+ 5] =] %]
b. Describe Span{vi, v;} geometrically.

Solution: Since v is a multiple of v{

Span{Vv{, v} is a line through 0 and Vi



The Span of A Set of Vectors, Example 4

1 2] { 8] -

Example: Let A= | 3 1 | and b = 3 |.Is b inthe
0 5 17

plane spanned by the columns of A?

Solution:
1 2 8
—
A=1|3 1 b = 3
0 5 17
Do x; and x» exist so that
1 2 8
x| 3| +x]|1 = 317



The Span of A Set of Vectors, Example 4 cont.

Corresponding augmented matrix:

1 2 8 1 2 8 1 2 8
31 3|{~|0 -5 -21|~|0 -5 21
0 5 17 0 5 17 0O 0 -4

This shows that the system is inconsistent.

So E) is not in the plane spanned by the columns of A.



The Matrix Equation AX = ?

Linear combinations can be viewed as a matrix-vector
multiplication.

Definition If A is an m x n matrix, with columns a_f, 3y, am
and if X is in R”, then the product of A and X, denoted by AX,
is the linear combination of the columns of A using the
corresponding entries in X as weights, i.e.,
X1
— - = — X2 — — —
Ax:[al a ... an} . =Xx1a1 +xpax + ...+ Xpap

Xn



The Matrix Equation, Example

Example: Let X = { 72 } and A = { 3 2

product of A and .

Solution:

o
(€]



The Matrix Equation, Example 2

Example: Write down the system of equations corresponding to
the augmented matrix below and then express the system of
equations in vector form and finally in the matrix form AX = b
where b is a 3 x 1 vector.

2 34 9
-3 1 0 -2
Solution: Corresponding system of equations

2x14+3x0 +4x3 =9
—3x1+x0 = -2

Vector equation:

o[ 5 ee3]esa] =] 2]



The Matrix Equation, Example 2 cont.

Matrix equation:

23411 [ o9
310 %] 7| =2

—
= b

Three equivalent ways of viewing a linear system:
1. as a system of linear equations;
N
2. as a vector equation xla_f + xza_g> + ...+ x,,?n = b;or

it
3. as a matrix equation AX = b.



Equivalent Ways of Representing A linear System

Theorem 3 If Ais a m x n matrix, with columns a71,. .., a,, and if
— —

b is in R™, then the matrix equation AX = b has the same
solution set as the vector equation

N
— — —
x1a1 +Xx0ay + ...+ xpa, = b

which, in turn, has the same solution set as the system of linear
equations whose augmented matrix is

— — —
ai a ... a, b

Useful Fact: The equation AXx = b has a solution iff b is a
linear combination of the columns of A.



Check if AX = F has a solution.

1 4 5 . b1
Example: Let A= | -3 —11 —14 | and b = | by |. Isthe
2 8 10 bs

. — - . —_—
equation Ax = b consistent for all b?
R
Solution: Augmented matrix corresponding to AX = b :

1 4 5 by 1 45 b1
-3 —11 —-14 by |~ |0 1 1 3bi+b
2 8 10 b3 0 0 0 —2b1+5b3

AX = b is not consistent for all b since some choices of b
make —2b; + b3 nonzero.



Check if AX = E) has a solution, cont.

1 4 5
A=1| -3 —-11 -—-14
2 8 10
T T
— — —
a1 an as
N

The equation AX = b is consistent if

—2b1 +b3=0

In other words, x131 + x0a5 + x3a3 = ? iff b3 —2b1 =0



— .
A X = b has a solution, cont 2

Instead, if any b in R® (not just those lying on a particular line or
in a plane) can be expressed as a linear combination of the
columns of A, then we say that the columns of A span R3.

Definition We say that the columns of A = [a_f EX a_,;}
—

span R if every vector b in R™ is a linear combination of
— — /- — —
ai,...,ap (i.e. Span{ai,...,ap}).

Theorem 4 Let A be an m x n matrix. Then the following
statements are logically equivalent:

e . . — e
a. For each b in R, the equation Ax = b has a
solution.

b. Each ? in R™ is a linear combination of the columns
of A.

c. The columns of A span R™.

d. A has a pivot position in every row.



Proof of Theorem 4

Proof (outline): Statements (a), (b) and (c) are logically
equivalent.

(a) (b) and (c) are clearly equivalent. To complete the proof, we
need to show that (a) is true when (d) is true and (a) is false when
(d) is false.

Suppose (d) is true. Then row-reduce the augmented matrix
[A F}
— —
A B|~..~|ud]
and each row of U has a pivot position and so there is no pivot in
—
the last column of {U d}.

So (a) is true.

Now suppose (d) is false. Then the last row of {U 7} contains

all zeros.



Proof of Theorem 4, cont.

N
Suppose d is a vector with a 1 as the last entry.

Then [U 7} represents an inconsistent system.
; 3 — —
Row operations are reversible: [U d} ~LL [A b}

— [A F} is inconsistent also. So (a) is false.



More Example

1 2 . by
Example: Let A= | 3 4 | and b = | by |. Is the equation
5 6 b3

— . . —
Ax = b consistent for all possible b7
Solution: A has only 2 columns and therefore has at most 2 pivots.

N

Since A does not have a pivot in every row, AX = b is not
—

consistent for all possible b, according to Theorem 4 d.



Even More Example

1 2 3
Example: Do the columnsof A= | 2 4 6 | span R3?
0 39
Solution:
1 4 5 1 0 -3
-3 -1 -14 | ~|(0 1 3
2 8 10 00 O

> no pivot in row 2
» Again by Theorem 4 d, the column of A, do not span R3



Properties of Matrix-Vector Product AX
Theorem 5

If Aisan m x n matrix, ¢ and v are vectors in R”, and c is a
scalar, then:

a. AT+ 7V)=A" + AV
b. A(cW) = cAY.



Describing a system of linear equation with vectors.
Properties of vectors

Linear combination

>
>
>
» A vector equation
» The span of a set of vectors
>

A matrix equation

Next time we will have a look at some solution sets of linear
system, and linear independence.



