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b. Write the formula obtained by taking the derivative of i ) 4
: : e i Yk -1 =0
both sides of the eghation in part (a) with respect Lo x. s 'y
€. Use the result of part (b} o derive the formulas below, ™ G
iy 27! = £ [(T} o (:J +3 (:) e an bt (: )i| i Express ?_i (.‘.) 3 in closed form {(without using a
" / - : 5 - | .

SUMMANGN SIEN or -« ).

6.8 Probability Axioms and Expected Value

The theory of prabability & ar botem nothing but common sense reduced to q caleulus,
— Pierre-Simon Laplace {1740-1827)

Up to this point, you have calculated probabilities only for situations. such as tossing a
fair coin or rolling a pair of balanced dice, where the outcomes in the sample space are all
equally likely., But coins are not always fair and dice are not always balanced. How is it
possible to calculate probabilities for these more general situations?

The following axioms were formulated by A, N, Kolmogorov in 1933 to provide a
theoretical foundation for a far-ranging theory of probability, Tn this section we state the
axioms, derive a few consequences, and introduce the notion of expected value.

Recall that a sample space is a set of all outcomes of a random process or experiment
and that an event is a subset of a sample space.

Probability Axioms

Andred Nikelaevich
Kelmogoroy Let S bea .'\"Elmple Space, and let A and B be any eventsin S, Then

(I3 T 85T )
1 D=-PlA) =

2 PIR)=0znd P(5 =1

3. If A and B are disjoint (that is, if A 11 B = @), then the probability of the union
of Acand B is

P{AURB) = PiA)] L PIR).

Example 6.8.1 Applying the Probability Axioms

Suppose that 4 and B are events in a sample space 5. 17 A and £ are mutually disjoint,
could P{A) =0.6and P(B) =087

Solution  No. Probability axiom 3 would imply that P(A U B = P{AI+ P{B) =06+
0.8 = 1.4, and since 1.4 = |, this result would viclate probability axiom |, [ |

Example 6.8.2 The Probability of the Complement of an Event
Suppose that A is an event in a sample space 5. Deduce that P(A%) =1 — P(A).
Solution By Theorem 5.2.2(5). with § playing the role of the universal set 7,
AMA =8 and AUAT =5,
Thus 5§ is the disioint union of A and A®, and s0
P(AUA%) = P(A) + P(A5) = P(ST =1,

Subtracting P{A) from both sides gives the result that P{AS) = | — PiA), [ |

i+
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Probability of the Complement of an Event

I A'is any event in & sample space .5, then

B{A%Y=1— F{A) Ge |

It is important to check that Kalmogorov's probability axioms are consistent with
the results obtained using the equally likely probahility formula. To see that this is the
case, let § be a finite sample space with owtcomes ay, a3, a3, . .., dq. Tt is clear that all
the singleton sets {a;}, [az]. {as], .. .. {a,) are mutually disjoint and that their union is 5.
Since F(8) = 1. probability axiom 3 can be applied multiple times (see exercise 13 at the
end of this section) to obtain

Plla} Ulag) Was] U~ Ula,]) = E Pllag)y = 1.
k=1

IF, in addition, all the outcomes are equally likely, there is a positive real number ¢ so that

Pila)) = P({aa)) = P{as)) = - -+ = P(la,)) =c.

Hence
L1
E ]:Zc:r+r-i------—c‘=r:{',
k=1 o LErms
and thus
1
0= —.
n

It follows that if A is any event with oulcomes a;,, g, i, ..., 4. then

¢ ] m N4
PA)=Y Play) =) - ===
=1 §

noon NS

which is the result given by the equally likely probability formula.

Example 6.8.3 The Probability of a General Union of Two Events

Follow the steps outlined in parts (a) and (b) below to prove the following formula:

Probability of a General Union of Two Events ‘
If § is any sample space and A and B are any events in &, then

PAUB)=FP{A) 4 P(B)— P(ANB). 682 |

In both steps, suppose that A and B are any events in a sample space S,

a. Show that A U B is a disjoint union of the following sets: A — (AN E), B = (AN &),
and AN B,

b In exercise 12 at the end of the section, you are asked to prove that for any events
L7 and V in'a sample space §_if U7 € V then P{V — U') = P(V) — PilJ), Use this
result and the result of part (a) to finish the proof of the formula,
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Solution

a. Refer o Figure 6,8.1 a5 you read the following cxplanation. Elements in the sg
A —1{A M &) are in the region shaded blue, elements in B — (A N B) are in the region
shaded gray, and elements in A M B are in the white region.

Figure 6.8.1

Part 12 Show that AUBC{A—(ANBNUIB={ANBNU{AN B Given any
element x in A L B, x satisfies exactly one of the following three conditions:

() xeAandx e B

(2) xeAandx & B

(3 xeBandx & A

I.Inthe firstcase, x e AN B, and sox e {4 —(ANBNUIBE={ANBNUANE
by definition of union.

2. Inthe second case, x € A M B (because x ¢ B), and so x £ 4 — (A1 B). Therefore
TEfA—(ANBNUI(E - (AN B} UJ{A N B) by definition of union.

'i.' 3. Inthe third case, x € AT B (because x & A), andhencex € B — (A 1N B). So, again,
TE(A—={ANBNLUIE ~(AME)) U (A M E) by definition of union,

I Hence, in all three cases, x € (A — (AN B U(B — (AN B U (AN B), which com-
i pletes the proof of part 1.
i >

I‘Z Moreover, since the three conditions are mutually exclusive, the three sets A — (A M #),
i A — (A B),and AN A are mutually disjoint.

il
1 {H Part 2: Show that (A= (ANB)IU(B - (ANB)HU(ANB) S AU B: Suppose x
‘J!__ 15 any element in (A — (AN BN U(E — (AN B U(AN B By definition of union,
gl teEA—(ANBlorxe B—(ANBlorxe AN KA.

L Incasex € A — (AN 8). then x € Aand x € AN B by definition of set difference.
In particular, x € Aandsox £ AU 8.

il 2 Incasex e B—{AN B). then x £ B and x & A7 B by definition of set difference.
fiH [n particular, s € Bandsox 2 AU B,

3 Incasex € AN &, then in particular, x e Aandsoxre AU B,

| Hence, in all three cases, x € A U 8, which completes the proof of part 2,
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b PIAUR) = PHUA—(ANBYUB—(ANBNUANBEY by par (o)
= PMA—-{ANBN+PIBE—{AMBN+ FPAN B

by exarcise 13 atthe end of the section and the fact that
A=A EL B = (AT EY, and A DB are muesally disjorm

PiAy=PAN B+ PIB = PIAN B+ PLANB)
by exercise 12 at the end of the section
- because AT B C Aand AN B C B

FlA)4+ F(B)— P{AMB)  byalgebra | |

ek ]

il
|

- Example 6.8.4 Computing the Probability of a General Union of Two Events

Suppase a card is chosen at random from an ordinary 52-card deck (see Section 6.1),
What 1s the probability that the card is a foce card (Jack, queen, or king) or is from one of
the red suits (hearts or diamonds)?

Solution  Let A be the event that the chosen card is a face card, and let 8 be the event thal
the chosen card is from one of the red suits, The event that the card is a face card or is from
one of the red suits is A U B, Now N{A) =43 = 12 (because cach of the four suits
has three face cards), and so P{A) = 12/52, Also N(H) = 26 (because half the cards are
red), and so P{8) = 26/52. Finally, M(A M B) = 6 (hecause there are three face cards
in hearts and another three in diamonds), and so £{A M B) = 6/52. It follows from the
formula for the probability of a union of any two events that

1Z 26 6 32
b AL =p 1+ = Ar = — iy -y (B e o,
- PAUB) = P(A)+ P(B) - PANB) = 5+ = — = = = =61.5%

Thus the probability that the chosen card 15 a face card or s from one of the red suoits is
approximately 61.5%:. [ |

Expected Value

People who buy lotlery tickets regularly often justify the practice by saying that, even
though they know that on average they will lose money, they are hoping for one significant
gain, after which they believe they will quit playing. Unfortunately, when people who
have lost money on a string of losing lottery tickets win some or all of it back, they
senerally decide 1o keep trying their luck instead of guitting,

The technical way to say that on average a person will lose money oo the lottery 15 (o
say that the expected value of playing the lottery is negative.

! oo~ =
i | - Suppose the possible outcomes of an experiment, or random proeess; are real numbers

€1, @2, 83, -« o dy o which occur with probabilities py. pas ps, -2, pa. The expected
value of the process is

Zu.&m = ApPy i dy Prc By Py o O
km]
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Example 6.8.5 Expected Valoe of' a Lottery

Suppose that 300,000 people pay $3 each to play a lottery game with the following prizes:

a grand prze of $ 1,000,000, 10 second prnzes of 51,000 each, [.000 third prizes of $50i)

each, and 10,000 fourth prizes of $10 each, What is the expected value of the game?
Solution  Each of the 300,000 people has the same chance as any other of picking a win-

forall k=1,2 3, ..., 300000, Let a, a,

ning lotery number, and so py =
e &S PE = 0000

i ST sy be the net gaing of the people plaving the lottery, Let a = 999995 ((he
net gain for the grand prize winner, which is one million dollars minos the 35 cost of the
winning ticket), a; = a; = -+ = @y = 995 (the net gain for each of the 10) second prize

i WINACES ), @iz = a3 = <+ - = aygy = 495 (the net gain for cach of the 1000 third prize
| winners), and aygy; = ayg13 = - -- = dpppp = 3 (the net gain for each of the 10,000 fourth
' prize winners). Since the remaining 488,989 people just lose their 35, a0z = dyjoiz =
o= dapen = —3, The expected vadue of the game is therefore
SO SO0 i \
Z apth = Z (”Q ' ﬁ)[)[ﬁ'ﬁlj heciuse ench pe = 1300000
k=1 k=1
1 SN
= 00000 Z_: i by Theorem 4.1.1(2)
1
= {909005 < [0 395 4 [000 - 495 4 10000 - 5 4+ (=5) - $559589)
SOEE00 l ;
l
= - (GO0005 + 9950 4+ 495000 + S0000 — 2444945
SO0000
= —1.78.

[n other words, a person who continues to play this lottery for a very long time will
prabably win some money occasionally but on average will lose 51.78 per game. |

Exercise Set 6.8

L. In any sample space S, what is P{#)?

=1

. Suppose o sample space § consists of three outcomes: 1,
loand 2, Ler A = (0], 8 = [1}, and C = [2], nnd suppose
PlA) =04, and £(#) = 0.3, Find each of the following;
i, PIALUE) I o c. PLALLY

d: P{A") & PlATM 87 f. P{AT U B9)

2, Suppose A, 7, and O are muteally exclusive events in a
sample Spacd 8, A U B LUC = 8, and A and 8 have proba-
bilities 0.3 and 0.5, respectively.

a. Whatis FA U B)? h. What is PiC)?

. ) &. Redo cxercise 7 assuming that PiA) =035 and P(8) =
3. Suppose A and B are mutually exclusive events in a sample

(4
space &, O ispnothereventin§, A0 f U C =5, and A and
B have probabihies 0.4 and 0.2 respectively 9. Let A& ond & be events in a sample space 5. and lel
& Whatis Flld L-8)7 D=5 — (AU 8). Suppose LAl =04, P(H) = (1.5, and
b, Is it possible that () = (.27 Explain. P{A ™ By =10.2, Find each of the following:
i, (AL , (i 3 A
4. Suppose A dndd B oare evenls in a sample space § with b L lII.LHBJ. b P.l ,I : g F{J{r I_ o
e )" ; 2 : d. PiAY MBS g, PIATL BY) f. FIB NC)
probabilities 0.8 and 0.7, respectively. Soppose also that
gl PrAR BY = 0.6, Whaot is P(A U B)? M), Redo exercise 9 assuming that P{A) — 0.7, Moy — 0.3,
1+ . : . and P{AN B) = 0.1,
I{fl 5. Suppose A and B are events in a sample space § and sup- ey

pose that (AT =10.6, P{A) =04, and P(ANB) =02 H 1L Prove thatif § is any sample space and I and V are events
What is P{A|L &7 in & with IF < 'V, then P{L7) < P(V)Y,

& Suppose I ahd Voare events in o sample space § and sup-  H 12, Prove thet if § is any sample space and &7 and V' oore any

pose that POUS) = 0.3, P(VE=10.6 and PILTW V) = events in & then P(V = U)= P(¥) — Py 1V}
(14, What is P(L U VT




)

17

Ly

&9

H 13, Use the sxaoms for probability and mathematical induction

to prove that!for all integers m > 2, if Ay, Az Aq, .. A,
are uny mutually disjoint events in o sample space 8, then

L
PlauAsud; U= Z Prag,

14. Alottery game offers 52 million to'the grand prize winner,

520 vy each of 10000 second prize winners, and 54 to each
of 30,000 third prize winners, The cost of the lottery is $2
per ticket. Suppose that 1.5 million tickets are sold, What
i5-the expectetl main or loss of 3 teket?

- A company sends millions of people an entry form for

a sweepstaked accompanied hy an order form for maga-
#ine subscripions. The first, secand, and third prizes are
510,000,000, §1,000,0(K), and $50,000, respectively, In or-
der to qualify for a prize, a person is not required to arder
any magazines but has 1o spend 60 cents to mail back the
entry form. If 30 million people qualify by sending back
their entry Forms, what 15 a person’s expected gain or loss?

« Anum contains four balls numbered 2, 2, 5, and 6. 1fa per-

son selects o421 of two halls at random, what is the ex pescted
virlug of the sum of the numbers on the balls?

o AD um contains Gve balls numbered 1, 2, 2, & and 8, If

a person selects @ set of two balls at random, what is the
expected valud of e sum of the numbers on the balls?

T
ba
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S An urn contuins five balls pumbered 1, 2.2 8 and 2. IF

a person selects a set of three balls at random, what is the
expected value of the sum of the numbers an the balls?

» When o puir of balanced dice are tolled and the sum of the

numbers showing face up is computed, the result can be any
number trom 2 w12, inclusive. What is the expected value
of the sum”?

. Suppose a person offers to play a gume with you. In this

game, when you draw a card from a standard 52-card deck,
if the card is a face card you win 53_and if the cand is any-
thing else you lose $1. If you agree to play the game, what
i5 your expected gain or loss!

21. A person pays 51 to play the following game: The person

tosses a fair coin four times: If ne heads occur, the person
pays an additiona] 32, if one head oceurs, the person pays an
additional $1, if two heads occur, the person just loses the
inttial dollar, if three heads cccur, the person wins $3, and if
four heads cecur, the person wins $4, What is the person’s
expected puin or loss?

+ A fair coin is wssed until either o head comes up or four tails

are obuned, Whit is the expected number of tosses!?

6.9 Conditional Probability, Bayes' Formula,

and Independent Events

Iris remarkable et g science which began with the consideration of games of chance

should have become the most important abject of lnaman knewledge ... The most

important guestions af life are, for the mast pars, really anly problems of probabific,

— Piame-Simon Luaplace 1749-1827

In this section we introduce the notion of conditional probability and discuss Bayes’
theorem and the kind of interesting results w which it leads. We then define the concept
of independent events and give some applications.

Conditional Probability

Imagine a couple with two children, cach of whom is equally likely 1o be a boy or a girl.
Now suppose you are given the information that one is a boy. What is the probability that

the other child is a boy?

Figure 6.9.1 shows the four equally likely combinations of gender for the children,
You can imagine that the first letter refers 1o the older child and the second letter to the
younger. Thus the combination 5 indicates that the older child is a boy and the younger

15 & girl.

Figure 6.4.1
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|

. The combinatiens where one of the children is a boy are shaded gray, and the combination
i_- where the other child is also a boy is shaded blue. Given that you know one child is g
ik boy, only the three combinations in the gray region could be the case, so you can think
H of the set of those outcomes as a new sumple space with three elements, all of which are
J. equally likely. Within the new sample space, there is one combination where the other
E'. child is a boy (in the region shaded blue-gray). Thus it would be reasonable to say tha
E the likelihood that the other child is a boy, given that at least one is a boy, is [ /32 = _’._’i%*?j_-_
i Mote that because the oniginal sample space contained four outcomes,
i Pat least ane child is 4 boy and the other child is also a boy)

i S

: | ~ P(at least one child is a boy)

I
E]

also. A generalization of this ohservation forms the basis for the following definition,

Let A and B be events in a sample space §. If P(A) =£ 0, then the conditional
probability of B piven A, denoted P(B | A}, is

By PATB)
=Py

Example 6.9.1 Computing a Conditional Probability

A pair of fair dice, one blue and the other gray, are rolled. What is the probability that the
sum of the numbers showing face up is 8, given that both of the numbers are even?

Solution  The sumple space is the set of all 36 outcomes obtained from rolling the twao dice
and noting the numbers showing Face up on each. As in Section 6.1, denate by ab the
outcome that the number showing face up on the blue die is a and the one on the gray dieis b,
Let A be the event that both numbers are even and B the event that the sum of the numbers is
8. Then A = {22, 24 76, 42, 44, 46, 62, 64,66}, B = {26,335, 44,53, 62},and AN B =
[26, 44, 62]. Because the dice are fair (so all outcomes are equally likely), P(4) =
Y/36, P(B) = 3/36and P{A N B} = 3/36. By definition of conditional probability,

PlAN &)
Pia)

P(B|4A)=

Mote that when both sides of the formula for conditional probability (formula 6.9.1)
are multiplied by P(A), a formula for P{A N B) is obtained:

P{AMB)=P(B|A). P{A), 6.9.2

Dividing both sides of formula (6.9.2) by P{8| A) gives a formula for F1A):

P{A N B)

PlA) = — .
Rl P(B]A)

6,93
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n : Example 6.9.2 Further Applications of the Conditional Probability Formula
¥ t' | ' |
: i3 3 An urn contains 3 hlue and 7 gray balls. Let us say that 2 are chosen at random. one alter
- ¥ the other, without replacement,
1 ' : a. What is the probability that both balls are biue?
;_l_ b, What is the probability that the second ball is blue but the first ball is not?
¢, What is the probability that the second ball is blue?
d. What is the probability that at least one of the balls is blue?
e. If the experiment of choosing 2 balls from the urn were repeated many times over,
what would be the expected value of the number of blue balls?
Solution  Let § denote the sample space of all possible choices of two balls from the urn,
: let £ be the event that the first ball is blue, and let F be the event that the second ball is
3 blue.
; 4. The probability that both balls are blise is P(E N F), Because there are 12 balls of
i which 5 are blue, the probability that the first ball is blue is
- 5
PE)= l—:— i
1 : If the first ball is blue, then when the second ball is chosen the urn will contain 4 blue
; : and 7 gray balls. Thus P{F | E}) = 4/11, so by formula (6.9.2),
4 _ s L4 5 20
i 1 PIENFy=P(F|E) PiE)= — — = —.
5 11 12 132
- b. The probability that the second ball is blue but the first ball is notis P(F 1 E°). To
* ' compute this number, note that because there are 12 balls of which 7 are not blue,
:’ : P(E) = 7/12. Also if the first ball is not blue, then when the second ball is chosen,
. L the um will contain 3 blue and 6 gray balls, and thus P{F | £5) = 5/11. Hence, by
15 i ' formula 6.9.2,
- = _ 5 7 35
PIFNE)=P(F|E)Y PE)= = ==
) 12 132
- ¢. The event that the second ball is blue can occur in one of two mutually exclusive ways:
Either the first ball is hiuc and the second is also blue, or the first ball is gray and the
second is blue. In other wards, & s the disjoint union of F 1 £ and £ 17 E°. Hence
1) : P(F) = P((FME)U(FME))
3 : = PFNEY+PIFNMET) by prvhakilicy axion 3
20 5
| = B
35 5
— R 1

Thus the probability that the second ball is blue is 5/12, the same as the probability
that the first ball is blue,
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d. By formula 6.8.2. for the union of any two events,

PIEUF) = PIEY+P(F)—= P(EQF)

3 3 20

= E - o E = E by pierts (o} and ()
4t} 15

T3 o2

Thus the probability is 15/22, or approximately 68.2%, that at least one of the balls i
blue.

e, The event that neither ball is hlue is the complement of the event that at least one of
the balls is blue, so

11
_1:_ F(lblue balls) = 1 — P {at least one ball is blue) by formusla 6.5.1
B 15 .

j. =1 22- by part (d}

:|E oo

i =&

"i f The event that one ball is blue can occur in one of two mutually exclusive ways: Either
Bill 11111 the second ball 13 blue and the first is not, or the first ball 15 blue and the second is
| I not. Part (b) showed that the probability of the first way is %, and the same technique
" shows that the probahility of the second way is also -I"‘;—z. Thus, by probability axiom 3,
1

] ; 35 3570
h _ P11 blue ball) = 1 - 5= 132
1-!';: I Finally, by part (a),

U
[i" i P(2 blue balls) = —

1-1|: 2 blue balls) = —=.
i.f ' Therefore.
i = 0- P(0blue balls) + 1 - P(1 blue ball)

the expected value of
the number of blue balls

___.__

4+ 2 - P(2 blue balls)

mi 6. 0 . 10, W

i MR YA 5

B 110

it = — = 08 =
| 132

Bayes' Theorem

Suppose that one wrn contains 3 blue and & gray balls and a second urn containg 5 blue
' and 3 gray balls. A ball is selected by choosing one of the urns at random and then picking
a ball at random from that urn. If the chosen ball is blue, what iz the probability that it
came from the first umn?
This problem can be solved by carefully interpreting all the information that is known
and putting it together in just the right way, Let A be the event that the chosen ball is blue,
B\ the event that the ball came from the first urn, and s the event that the ball came from
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Themay Bayes
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the second um, Because 3 of the 7 balls in um one are blug, and 5 of the & balls in um
two are hlue,

3 3
PIA|B)) = % and  PiA| By = =
And because the urns are equally likely to be chosen,
I
P(B) = P(B) = ~.
Maoreover, by formula (6.9,2),
PH"H]—J’['[IHL:”[H'—3 l 3 and
WL bDy )= E 1} |J—§ :_|:4-I an
FIAT B:) = PIA| By) - PiBa) 2 >
LAY 9] = A o) == == =
E R ) 8 2 14
But A is the disjpint union of (A 1 8,) and (A M Ba), so by probability axiom 3,
: 3 5 59
PlAY=PUANB)U AN B =PlIAN B+ PIAN B = —1+ T — e
§] £
Finally, by definition of conditional probability,
P(BiNA) & 33
FlA) = 326

(]

Thus, if the chosen ball is blue, the probability is approximately 40.7% that it came from
the first wrn.

The steps used to derive the answer in the example above can be generalized o prove
Bayes' theorem. (See exercises 8 and 9 at the end of this section.) Thomas Bayes was
an English Presbytenan minister who devoted much of his energies to mathematics. The
theorem that bears his name was published posthumously in [763. The portrait at the left
is the only one attributed to him, but its authenticity has recently come inta question,

Theorem 6.9.1 Bayes’ Theorem |

Suppose that a sample space § is a union of mutually disjoint events By, Bz, By, ...,
B, suppose A is an event in &, and suppose A and all the B; have nonzero probabil-
ities. If k is an integer with | < % = 5, then

PA|Be) - P(By)

PR A =
S 1) B+ PIA| B BB L FAIE) ()

Example 6.9.3 Applying Bayes’ Theorem

Most medieal tests occasionally produce incorrect results, called false positives and false
negatives, When a test is designed to determine whether o patient has a certain disense,
4 false positive result indicates that a patient has the disease when the patient does not
have it. A false negative result indicates that a patient does not have the disease when the
patient does have it
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When large-scale health screenings are performed for diseases with relatively low
incidence, those who develop the sereening procedures have to balance several consid-
erations: the per-person cost of the screening, follow-up costs for further testing of falge
positives, and the possibility that people who have the disease will develop unwarranted
confidence in the state of their health,

Consider a medical test that screens for a disease found in 5 people in 1,000, Suppose
that the false positive rate 18 3% and the false negative rate is 155, Then 99% of the time 4
person who has the condition tests positve for it, and 97% of the time a person who does
not have the condition tests negative for it. (See exercise 3 at the end of this section,)

-:?! &. What is the probability that a randomly chosen person who tests positive for the dissase
fll actually has the discase”

|

I'i" b, What is the probability that a randomly chosen person who tests negative for the disease
J.'_I does not indeed have the disease?
!:: t Solution  Consider a person chosen at random from among those screened. Let A be the
‘.};r: event that the person tests positive for the disease, By the event that the person actually
I has the disease, and B+ the event that the person does not have the disease. Then
# P{A | By =089, F(A%|8)=001, P{A"|B:) =087 and P(4|R:) =003
(i
'|- Also, because 3 people in 1000 have the disease,

=
f’ il FP{B)=0005 and P8 =0995

| .'I 4. By Bayes’ theorem,

| By Bayes' th
it
1 PR, [ 4) P(A|By)- P(B)

| 2 1) =
i ' P(A|B(}- P(B;) + P(A| By) - P(B2)
l (i B (0997 - {0,003}
i T (0.99) - (0.003) + (0.03) - (0.995)

[

0.1422 = 14.2%,

Thus the probability that a person with a positive test result actually has the disease is
Hl approximately 14.2%.

b. By Bayes™ theorem.

e 10

It . P(A"| By} - P(B:)
i P(B: | A) = —— e
,Eiil P(A® | By - P(BL) + P(AY| Ba) - P(Bz)
i ((1.97) - (0.995)
il T(0.01) - (0.005) + (0.97) - {0.995)
I . FEERA
[l = 0999948 = 99.995%,
AU
Bl
B . . . . o
l : Thus the probability that a person with a negative test result does not have the disease 15
.|'| | approximutely 99.995%,
B 1 You might be surprised by these numbers, but they are fairly typical of the situation
i where the screening tesl is significantly less expensive than a more accurate test for the
] sime discase yot produces positive results for nearly all people with the discase. Using the
g screening test limits the expense of unnecessarily using the more costly test to a relatively
t small percentaze of the population being screened, while only rarely indicating that a

pecson who has the disease 15 free of 1L ' L
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o E 3 Independent Events
id- i
|56 i 8 Suppose a coin is tossed twice. It seems intuitively clear that the outcome of the first oss

does not depend in any way on the outcome of the second toss, and conversely, Tn other
F words, if, for instance, A is the event that u head is obtained on the first toss und B is
| the event that a head is obtained on the second toss, then if the coin is tossed randomly

ted i

pkl=
&1 : both times, events A and B should be independent in the sense that PiA| B) = F(A)
s : and P8 | A) = P(B). This intuitive idea of independence is supported by the following
analysis. If the coin is fair, then the four outcomes HH, HT, TH, and TT are equally
likely, and
156
A=(HH.HT}, B={TH.HH], ANB=|HH]
s Hence
2 1
3 PlAl=P(B)=-=2
e i 4 2
Iy i But also
E 3 PlANE) 1 1 PLANBY 3 1
13, . PA|B)= —— " =8 _ _ upd P{B|A)= e b
1 Pig) w2 - l PlA) L 2
and thus PLA | B) = FP(A)and Pi8 | A) = P(B).
To obtain the final form for definition of independence, abserve that
; if P{B) == 0and P(A | B)= P(A). then P{AN B) = P(A|B)Y- P{B) = P(AY- P(B).
/ By the same argument,
3 ifPAY=0and P(B | A) = P(B), then P(AN B) = P(A) P(B).
: Conversely (see exercise 17 at the end of this section),
if PIAMEB) = P{A). P(B)and P(A) &£ O, then P(B|A) = P(B).
is : 3 and
! WPANE) = £{A): P(B)and P(B) =10, then PIA|B) = P(A).
b Thus, for convenience and to eliminate the requirement that the probabilities be nonzero,
we use the following product formula to define independent events.
» Definition
. If A and B are events in a sample space §, then A and B are independent if, and
i only if, :
B . P{AM BY= P(A)}:- P(B).
an 1 ;
h 7 .
h: 8 8 1t wounld be patural to think thar mumally disjoint events wounld be independent. b
T o in fact almost the opposite is true: Mutually disjoint events with nenzero probabilities are
i % H dependent.
£ i
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Example 6.9.4 Disjoint Events and Independence

Let A and B be events in a sample space 8, and suppose A0 B =8, P(A) £ 0, and
PiB) =10, Show that PEA N BY 2 PiA)Y - PLBE).

Solution  Because A M B =, P(A N B) = 0by probability axiom 2. But P(A) - P(8) £
0 because neither P{A) nor {8} equals zero. Thus PLA N B) = P(A) - P(B). B

The following example, and its immediate consequence, show how the independence
of two events extends to their complements,

Example 6.9.5 The Probability of A N B When 4 and B Are Independent Events

Suppose A and B are independent events in a sample space §. Show that A and B¢ are
also independent.

Solution  Observe that

(ANBIUTATEY) = AN(B LB by the distributive liw for sets

ANS by the complement Taw for wnion
= A by the identity Luw for intersection

Also (AN EBIN{AN BY) = W becanse BN AT =@, Apply probability axiom 3 to the
above equality to obtain

PUANBIUANBE)) = PAN B+ P{AN B) = P4
Solving for P{A M BY) pives that
PIANBY) = P{A)Y— PIAN B)

= P{A) — P{A) - P(B} becauss A and B are independent

= P{A)(]1 — P{B)) by Fuctoring oul FiA)
= P{A) P(B") by formuta 69,1,
Thus A and 89 are independent events. B

[t Tollows immediately from Example 6.9.5 that if A and & are independent, then A°
and & are also independent and so are A° and 8%, (See exercises 21 and 22 at the end of
this section,) These results are applied in Example 6.9.6.

Example 6.9.6 Computing Probabilities of Intersections of Independent Events

A coin s loaded so that the probability of heads is 0.6, Suppose the coin is tossed rwice.
Although the probability of heads is greater than the probability of tails, there is no reason
to believe that whether the coin lands heads ar tails on one toss will affect whether it lands
heads or tails on the other toss. Thus it is reasonable to assume that the results of the
tesses are independent.

a What is the probability of obtaining two heads?
b. What is the probability of obtaining one head?

¢. What is the probability of obtaining no heads?

d. What is the probability of obuaining ar least one head?
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Solution  The sample space § consists of the four outcomes (HH, HT, TH, TT), which
and W are not equally likely. Let £ be the event that a head is obtained on the first toss, and let F
' . be the event that a head is obtained on the second toss. Then P(E) = P(F) = {.6, and
3 itis to be assumed that £ and F are independent,
)£ 8 : . i
'. H a. The probability of obtaining two heads is P(ENF). Becavse Eand F arc independent,
2 Pltwo heads) = PIEN F) = PLE)- P(F) = (0.6)(0.6) = 0.36 = 365,
ence

b. One head can be obtained in two mutually exclusive ways: head on the f rst toss and
1ail on the second, or tail on the first toss and head an the second. Thus, the avent of
1 obtaining exactly one head is (£ 7 Fry U{E N F), Also (E N FOMNIE N Fy =,
and, moreover, by the formula for the probability of the complement of an event,
PES)=P(F)Y=| —0F= 0.4, Hence
“are )

Plone head) = P((E A FOOUCE N FY

= PUE)- P(F)+ P(E") . P(F)

= {0.6)(0.4) + (0.4)(0.6)

by Example 693 and exercige 21

= 048 = 485,
c. The probability of obtaining no heads is P(E° 1 Fr). By exercise 22,
d Pino heads) = P(E° N FYy = P(E*) - P(FF) = (049 =016 = 1649,
i the
d. There are two ways Lo solve this problem. One is to ohserye that because the event of
ubtaining one head and the event of obtaining two heads are mutually disjoint,
Flat least one head) = P{one head) + Pitwo heads)
= 48 +0.36 b pars () and by
= (L84 = Rdo.
The second way is to use the fact that the event of obtaining at least one head is the
complement of the event of obtaining no heads. So
i F{at least one head) = 1 — Pino hedds)
" = 1016 bypee)
LAt = 0.84 = R4%, |
iof @
; Example 6.9.7 Expected Value of Tossing a Loaded Coin Twice
' Suppose that a coin is loaded so that the probability of heads is 0.6, and suppose the coin
E is tossed twice, If this experiment is repeated miny times, what is the expected value of
—_— the number of heads?
san : Solution  Think of the outcomes of the coin tossings as Just 0, 1, or 2 heads, Example 6.9.6
nds = 3 showed that the probahilities of these outcomes are (.16, .48, and (.36, respectively,
the S

Thus. by delinition of expected value, the

expected number of heads = 0. (0108) + [ - (D48 2. (0.36) = 1.2, [ |

|
BE What if a loaded coin is tossed more than twice? Suppose it is tossed ten Umes, ora
Bl hundred times. What are the probabilities of various numbers of heads? To answer this
¥ question, il is necessary to expand the notion of independence to more than two events.

1 LN ;

: For instance, we say thre

4

eevents A, B, and C are pairwive independent if, and only if,

PIAMB) = P{d). PIBY, PIANCY = PLA) - P(CY, and PIBNCY= P8}, Pcy.
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The next example shows that events can be pairwise independent without satisfying the
condition P{AN BN C) = P(A): P(B) - P(C). Conversely, they can satisfy the con-
dition P(ANBNC) = P{A)- P(B) - P(C) without being pairwise independent (spg
exercise 26 at the end of this section).

Example 6.9.8 Exploring Independence for Three Events

Suppose that a fair coin is tossed twice. Lel A be the event that o head is obtained on the

i first toss, B the event that a head is obtained on the second toss, and C the event that either
! twa heads or two tails are oblained. Show that A, 8, and C are puirwise independent bug
li do not satisfy the condition P(AN BN C) = P{A) . P(B)- PIC).

il Solution  Because there are four equally likely outcomes—H H, HT. TH, and TT—it 15
,' clearthat P{A) = P(B) = P(C) = 1 Youcamalsoseethst AN B =[{HHL ANC =
:’ (HH), BNC=(HH}, and ANBNC = (HH]. Hente PIANMB)= PIANC) =
1l P(RAC)=4, and so P(ANB)= P(A)- PIB), PIANC)= P(A)- P(C), and
ir PiBNC)= P8 P(C). Thus A, B, and C are pairwise independent. But

1 1%

!i' PlA "‘:ﬂl":C]:PEIHH:-'I=._—1.?'=(;J = P{A]- P(R)- P(C). |

Because of situations like that in Example 6.9.8. four conditions must be included in
the definition of independence for three events.,

Let A, B and C be eventsinasample space §, A, 8, and C are pairwise independent
| if, and only if, they satisfy conditions 1-3 below. They are mutually independent
E if, and only if, they sausfy all four conditions below.

o S ey = ———

ﬂl, 1. PIATIB) = P{4) - P(B)

i 2. P(ANC)= P(A) - P(C) _
. | 3. P(BNC)=P(B)- P(C) :
il | 4 P(ANBAC) =P(A)- P(B) - P(C) |

The definition of mutal independence for any collection of n events with n = 2 general-
izes the two definitions given previously.

55,; | Events A, Az, ds .. oA, ina sample space S are mutunally independent if; and
4 only 1f, the probabilhity of the miersection of any subset of the events is the product
of the probabilities of the events in the subset.

_ Example 6.9.9 Tossing a Loaded Coin Ten Times

Acoin 1s loaded so that the probability of heads 1s (16 {and thus the probubility of tils is
{1.4). Suppose the coin is tossed ten times. As in Example 6.9.6, it is reasonable to assume
that the results of the tosses are mutually independent.
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4. What is the probability of oblaining eight heads?
b, What is the probability of obtaining at least eight heads"!

Solution

a. Foreachi=1.2,.... 10, let #, be the event that a head is obtained on the ith (055,
and let 7; be the event that a tail is obtained on the ith toss. Suppose that the eight
heads occur on the first eight tosses and that the remaining two tosses are tails, This
istheevem H\ N Hx N H M M0 e D Hy MV H7 0V Hg 0 Ty 0 Thy. For simplicity, we
denoteitas HHHHHHHHTT, By definition of mutually independent events,

PIHHHHHHHHTT) = (0.6)%(0.4)%.

Because of the commutative law faor mudtiplication. if the eight heads occur on any other
of the ten tosses, the same number is obtained, For instance. if we denote the event
HimHE AT H o B Hi MHE; M Hy N Ten Hyg by HHTHHHHEHTH, then

PIHHTHHHHHTH) = (0.6)*(0.4)(0.6° (0.4){0.6) = (0.6)%(0.4),

Now there are as many different ways to obtain eight heads in ten tosses as there are
subsets of eight elements (the toss numbers on which heads are obtained) that can be
chosen from a set of ten elements. This number is ('), It follows that, because the
different ways of obtaining eight heads are all mutually exclusive,

10 8 y
Pleight heads) = ( q ) (0.6)%(0.4)%,

b. By reasoning similar to that in part (a),
the number of differant 10

F{nine heads) = | ways nine heads can be | - (0.6)°(0.4)! = ({j ) (0.6)7 (0.4,
obtained in ten tosses :

and

the number of different (0
Plten heads) = | ways ten heads can be | - (0.6)"°(0.4)% = ( HJ') (067",
' obtained in ten tosses

Because obtaining eight, ohtaining nine, and ubtaining ten heads are mutually disjoint

EVENTS,

P(at least eight heads) = P(eight heads) + P (nine heads) + P(ten heads)
PR a, (10 g : (HJ') 1
= (H )m.m (041" 4 (u ) (0.6)7(0.4) + 10 i0.6)
= 0167 = 16.7%. |

Note the occurmence of the binomial coefficients ({) in solutions ta problems like the
ane in Example 6.9.9. For that reason, probabilities of the form

B T i
L= p)s,
(kJF g

where 0 = p < [, are called binomial probabilities. Binomial probabilities occur in
situations with multiple, mutually independent repetitions of a random process, with the
same two possible outcomes that have the same probabilities on each repetition,




386 Chapierf

Counting and Prabability

Exercise Set 6.9

)

L

=4

. Suppose PlA| 8y =12 and PIAM S = 1/6 What is
Pig)?

Suppose PUY | ¥y =13 and PiY) = 1 /4. What is
PIXP¥)

. & Prove thitt if A and B are any gvents in o sample space
S, with P(B) # 0, then P(A"| B)=1— Pid| B).

b, Explain how this result justifies the following statements:
(1) I thefprobability of a false positive on o test for acon-
iition 1s 8%, then there 15 a 96% probability that a person
who does not have the condition will have a negative test
result. (1) [f the probability of a false negative on a test
for u congition 15 1%, then there 15 4 99% probabilicy that
& personwho does have the condition will test positive
for it,

. Suppose that A and 7 are events ina sample space 5 and that

FiA), PiB), and P(A | B) are known. Derive a formula for
PlA| B

. Anumcontaing 25 red bulls and 15 blue balls. Two ane cho-

sen at random, one after the other, without replacement.

a. What is the probabilicy that both balls are red?

b, What 15 the probability that the second ball is red but the
first ball 15 not?

¢, What is the probability that the second ball is red?

d. What is the probability that ot least one of the halls 1y
risc]?

. Redo exercise 5 assuming that the uen containg 30 red balls

and 40 blue halls,

A pool of 1 semifinalists Ffor a job consists of 7 men and

3 women. Becoose all are considersd equally qualified, the
names of two of the semifinalists are drawn, one after the
other, at random. to become finalists for the job.

. What 18 the probahility that both finalists are women?
b. What 15 the probability that both finalists are men?

H . What 15 the probability that one finalist is a2 woman and

Q.

I

the otheriis a man?

. Prove Bayed” theorem for n = 2. That is, prove that if &

sample space 8 is a umon of mutually disjoint events B,
and B, if A is an event in 5 with P{A) =0, and if k=1
or k=2 then

PLA | Beh - PLB:)

FiBp | Al = :
.Ir:lﬂ.-'|||.ll?|:" F|H|]+P|:'-‘J!|H‘1J P':H:|

Prove the full version of Bayes' theorem.

Cng wm comtains 12 blue balls dnd 7 white balls, and a sec-

ond urn contains 8 blue balls and 19 white balls. An urnis

selected &t rondom, and a ball is chosen from the urn,

a. What is the probability that the chosen ball is blue?

b IT the chosen ball is blue, what is the probability that it
came from the Arst um? '

H 15

ifi.

. Redo exercise 10 assumuing that the firstum contains < blge

balls and 16 white balls and the second um contains 10 Blye
balls snd 9 white balls.

. One urn containg 10 red balls and 25 green balls, and o see.

ond urn contains 22 red balls and 15 green balls, A ball
i5 chosen as follows: First an urn is selected by tossing
loaded com with probability 4 of landing heads up amd
probability 0.6 of landing tails up. I the coin lands heads
itp, the first urn is chosen; otherwise, the second um is che-
sen, Then a ball is picked ot random from the chosen urn,
i, What is the probability that the chosen ball i green?

fr. If the chosen ball 1s green, what is the probability thae it

was picked from the first urn?

. A drog-scroening test is wsed oo lange population of peo-

ple of whom 4% actually use drogs, Suppose that the false

positive rate 15 3% and the false negative rate is 2%. Thus

& person who uses drugs tests positive Tor them 985 of the

time, and o person who does not use drugs tests negative for

them 97% of the tme.

u. What is the probability that a randomly chosen person
who tests positive for drugs acteally uses drugs?

b, What Is the probability that a mndomly chosen person
who tests negative for drugs does nol use drugs?

. Two different factories both prodoce a certain automobile

part. The probability that a component from the first fac-
tory is defective 15 2%, and the probability that 1 compongnt
from the second factory is defective 15 5%, In o supply of
180 of the parts. 100 were obtained from the first factory
and &0 from the second factory.
a. What is the probability that a part chosen &t rimdom from
the 180} is from the first factony?
b, What is the probability that a part chosen at randem from
the 180 15 from the second factory?
. What is the probability that a part chosen at modom from
the 180 is defective?
(L T the chosen part is defective, what 15 the probability that
it came from the first factory?

€3

Three dilferent suppliers—X, ¥, and Z—provide produce
for a grocery store, Twelve percent of produce from X is
superior grade, 8% of produce from ¥ is supedor grade and
5% of produce from £ is saperior grade. The store obtains
20% af its produce from X, 453% from ¥, and 35% from Z.
a. Ifa piece of produce is purchased, what is the probability
that it is superior grade?
b. If a plece of produce in the store 15 superior grade, what
is the pootusulicy thie i is Fron X7

Prove that if A and &8 are events in a sample space & with
the propecty that P(A|B) = P{A) and PiA) =0, then
PIB|A) = PIR).

. Prove that if PLAMN By = £{A) P(E), P{AY 20, and

PRy 10,then P{A| B) = PiAdand P(8| Al = PI(B).
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- A pair of faif dice, one blue and the other gray, are rolled.

Let A be thelevent that the mmmber face up on the blue die
is 2. and let B be the event that the number face up on
the gray dic|is 4 or 5. Show thal P4 | 8) = P(A) and
P{BLA}Y=P(8)

. Suppose a fdir coin is tossed three times, Lst A be the

event that n Read appesrs on the first toss, and let B be the
evenl that anleven number of heads is obtained, Show that
PlAIB) = P(A)and P(B | A) = PR,

If A and B ate events in a sample space 8 and AN H = ¢,
what must be tre in order for A and 8 to be independent?
Explain,

Prove that if A and B are independent events in a sample
space 8, then A” and 8 are also independent. Do nol use
the result of Example 6,9.5.

. Prove that if A and B are independent events in a sample

space S, then A" and 8¢ are also independent.

. Astudent takipg s multiple-choice éxam does not know the

answers o twi guestions, All have five choices for the sn-

swer. Foroneof the two questions, the student can eliminate

b inswer chotces as incorrect but has no ideq about the

other answer thoices, For the other guestion, the student

has no clue shout the correct answer gt all, Assume that

whether the student chooses the correct answer on one of

the questions does not affect whether the student chooses

the correct anjwer on the other question,

i.. What is tha probahility that the student will answer both
questons correatfy?

b. What s the probability that the student will snswer ex-
actly one of the questions correctly?

e, What is the probability that the student will answer nei-
ther guestion correctly?

A company uses two proofreaders X and ¥ to check o cer-

lain manuscript. X misses 129 of typographical errors and

¥ misses 15%. Assume that the proofreaders work indepen-

dently.

. What is thd probability that a randomly chosen bypo-
graphical error will be missed by both proafreaders?

b. If the mandscript contaims 1,000 typographical errors,
what number can be cxpected to be missad?

- Accoin is loadest so that the probabilit of heads is 0.7 and

the probability of tails is 0.3, Suppose that the coin is tossed
twice and that the results of the (osses are independent.

& What is the probability of ehtaining exactly two heads?
b. What is the prabability of obtvining exactly ane head?
c. What is the probability of obtaining no hends?

d. What is the probahility of obtaining at feast one head?

- Describe a saniple space and events A, B, and €, where

PIANEBNC) = F£iA)- P(B)- P{Cybut A, 8. and C are
not paitwise independent.

The example vied to introduce conditional probability de-
serbed a famnil yiwith two children each of whom was equally
likely to be a bby or a girl. The example showed that if it

249,

30,

L,

15 known that one child is a boy, the probability that the
other child i5.a boy is /3. Now imagine the same kind of
family—tws children each of whom is equally likely to be o
bay ar u girl. Suppose you meet one of the children and see
that it is a boy. What is the probability that the other child is
aboy? Explain. (Be careful, The answer may surprise you.)

- A coin i5 loaded so that the probability of heads (s 0.7 and

the probability of wils is 0.3, Suppoese that the coin is tossed
ten times and that the results of the tosses sre mutally in-
dependent.

a, What is the probability of obtaining exacty seven heads?
b. What is the probability of obtaining exnctly ten heads?
. What is the probability of obtaining no heads?

d. What is the probability of obtaining at least one head?

Suppose thot ten items are chosen at random from a large
batch delivered 10 3 company, The manufacturer claims that
Just 3% of the items in the batch are defective. Assume that
the batch is large enoagh so that even though the sclection
is made without replacement, the number 0.03 can be wsed
to approximate the probability that any one of the ten items
is defective. In addition, assume that because the ftems are
chosen at random, the outcames of the cheices are murually
independent. Finally, assume that the manufacturer's claim
i correct,
a. What is the probability that none of the ten s defective?
b, What is the probubility that at least cne of the ten is de-
fective?
c. What is the probability that exactly four of the ten are
defective?
d. What is the probability that at most twa of the ten are
defective?

Suppose the probability of a false positive result on o mam-

mogramis 4% and that rdiologists” imerpretations of mam-

migrims are mutually independent in the sense that whether

or mot & radiolegist finds a positive result on one mammo-

gram does not influence whether or nol the radiologist finds

i positive result on another mammogram.  Assume that &

wuman has o mammogram every year for ten vears

a, Whatis the probability that she will have no false positive
results during that time?

b. What is the hmlmhiiity that she will have ot feast one
false positive result during that time?

. What is the probability that she will have exacily two
[alse positive results during that time?

d. Suppose that the probability of o false negative result ona
mammogram is 2%, and assume that the probability that
& randomly chosen womian has breast cancer is 00002,
(i} 1f a woman has a positive test result one year, whal

i5 the probability that she actually has breast cancer?
(i} T woman bas a negative test result one year, whit
is the probability that she actwally has bresst cancer?

Empirical data indicate that approximately 103 out of every
200} chililren born are male, Hence the probability of a new-
born heing male is about 51.5%. Suppose that a family has
six children, and suppose that the genders of afl the children
are mutually independend.
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|
H a. What is the probability that none of the children is male? b. What i3 the probability that the person will answer ex- |
i b, Whart is the probability that at least one of the children s actly two questions comectly”? [
.t:. male? ¢. What is the probability that the person will answer ex-
| ¢. 'What is the probability that exactly five of the children actly one questlon correctly?
are male? d. What 15 the probabiiity that the person will answer ng

questions correctly!

&, Suppose that the person gets one paint of credit for each
correct answer and that | /3 point is deducted for each
incorrect answer, What is the expected value of the per
son's score for the three questions?

32,0 A person tdkes o multple-chmee exam in which gach ques-
ton has Fur possible answers, Suppose that the person
has no ided about the znswers ta three of the guestions and
simply chaoses randomly for each one,

a. What 1§ the probability that the person will answer all
three gquestions commectiy?




